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Abstract. A modification of the Kolbensvedt model, MKLV, in terms of ionic, correlation (between the
incident and target electrons) and relativistic corrections, is proposed to calculate the K-shell electron
impact ionization cross-sections of neutral and ionic targets. The modified model, with a single set of
parameters, is found to reproduce satisfactorily the experimental data for the neutral H, Al, Ar, Mn, Ge,
Mo, Ag, Sn, Au, Bi and U and ionic Li+, B4+ and O7+ targets better than the existing empirical models
from threshold energies to as high as 104 MeV. For the Ag target, the calculations from MKLV follow
closely the results of Scofield, and for Au, those of Scofield, and Ndefru and Malik, both done in the
relativistic Born approximation with the Møller interaction, at energies higher than the peak region.

PACS. 34.80.Dp Atomic excitation and ionization by electron impact

1 Introduction

The information on K-shell ionization cross-sections by
electron impact is necessary for doing quantitative analy-
ses of data in many fields of physics such as Auger-electron
spectroscopy, electron probe microanalysis and electron
energy loss spectroscopy. They are also needed for various
purposes in astrophysics, atmospheric physics, radiation
and plasma physics. Aside from these applications, the
study of the electron impact ionization process is of fun-
damental interest in the understanding of atomic reaction
mechanism, collision dynamics, and the role of quantum
electrodynamics in determining electron-electron interac-
tion.

The available experimental data are still far from being
adequate to meet the increasing demands in the appli-
cations. Moreover, very often than not, significant dis-
crepancies amongst data from different sources exist re-
flecting considerable difficulties and uncertainties involved
in cross-section measurements. This situation underscores
the importance and need for providing cross-section in-
formation data by the theoretical methods. The ab-initio
quantum mechanical methods quite often provide accu-
rate cross-sections. Unfortunately, such calculations for
electron-impact ionization cross-sections (EIICS) from the
first principles have only been done in a few cases.

A detailed quantum mechanical calculation of EIICS
is, in principle, feasible but in practice, it involves many-
body reaction mechanism and leads to many approxima-
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tions, the most common ones being the distorted wave
Born approximation (DWBA) [1] and coupled channel ap-
proximation (CCA). However, very few EIICS calculations
using these latter two methods are available, particularly
at higher incident energies, where the quantum electro-
dynamical correction to the electron-electron interaction
becomes significant. On the other hand, the understand-
ing of the physical processes mentioned in the first para-
graph requires the data or reliable calculations of EIICS
for many targets and at large energy ranges. Hence, much
effort has been made to develop simple phenomenological
models for this purpose which can easily be incorporated
in various codes dealing with the analyses of data associ-
ated with various processes mentioned earlier.

A variety of empirical models has been proposed to
describe the electron-impact ionization process [2–8]. Each
of these models seems to have some validity in a limited
incident energy range or for a few targets but there is yet
to be developed a model that works well at all incident
energies and for many atomic targets. For example, the
semi-empirical model of Green and Coslett [9] works well
at low incident energies but appears to be inadequate to
describe EIICS at reduced energies, U = T/I ≥ 4, with
T and I being the incident kinetic energy and ionization
potential. Similarly, the model developed by Quarles [10]
seems to work well for a limited number of atomic targets
up to five orders in the value of U . In general, there seem
to be a need to develop a model for high incident energies,
where the relativistic correction becomes significant, but
the model must also reproduce the observed data near
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threshold region, particularly the shape and magnitude of
the data in the peak region of cross-sections, Attempts
to achieve this by Casnati et al. [3], Hombourger [4], and
Deutsch et al. [5,6] have, so far, met with a limited success.

Kolbensvedt [11], in his attempt to find a suitable
method for calculating EIICS, has proposed a model by
combining the distant and close contributions to the colli-
sion cross-sections. According to the model, the contribu-
tion of σph from distant collisions is due to an exchange of
virtual photons between the incident and target electrons
leading to ionization by the photoelectric effect. On the
other hand, the cross-section σM from close collisions is
contributed from the Møller interaction [12] incorporated
in the impulse approximation. The model has been ap-
plied successfully to the description of K-shell ionization
of silver and tin at incident energies much higher than
the K-shell ionization potential. The model, however, usu-
ally overestimates the cross-sections from the threshold to
peak region of cross-section and underestimates them at
ultra high energies, albeit doing well in the moderately
high energies. We have attempted, in this paper, to mod-
ify it in such a way as to fit data over the entire energy do-
main from low to relativistic energies. In an attempt to do
so, we note that the contribution of σph part of it, which
dominates the ionization cross-section near threshold, is
very large in comparison to the contribution of σM in the
low energy region. It is the contribution from σph that is
responsible for abnormally high cross-sections in the re-
gion. We, therefore, propose to modify the behaviour of
the σph part at the low energy region first by modifying
the energy denominator of the first term in its expression,
akin to the modification done in [16] and then introduce
an energy-dependent overall multiplicative factor. To ac-
count for the proper relativistic contribution to the cross-
section, we suggest another term as a multiplying factor
to the total Kolbensvedt cross-section, the sum of σph and
σM . The model, so framed, is henceforth referred to as the
modified Kolbensvedt model with the acronym MKLV and
that for the original Kolbensvedt model as KLV.

We apply MKLV to obtain the K-shell EIICS of neutral
atoms and ions, for a number of targets from hydrogen to
uranium at incident energies in the range 1 ≤ U < 105. To
assess the efficacy of MLKV, we compare its predictions
with the calculations of some empirical models including
those of Casnati et al. (EMPC) [3], Hombourger (EMPH)
[4] and Deutsch et al. (DM) [5], and the results of ab-
initio quantum mechanical methods. The ranges of Z and
incident energies, considered in this work, are wider than
those investigated in [3–5].

The paper is organized as follows. Section 2 provides
the outline of the MKLV model along with the underly-
ing principles. Section 3 contains the results and discus-
sion. In the discussion section, the results of the MKLV
model are finally compared to the ab-initio calculations
done in relativistic plane wave Born approximation with
the Møller interaction. A summary of conclusions is given
in Section 4.

2 Outline of the modified Kolbensvedt model

The total K-shell EIICS in the Kolbensvedt model [11] is
given by

σKLV = σM (p < a) + σph(p > a). (1)

Here p is the impact parameter and a is the K-shell radius.
The two components σM and σph, in the practical

form, are

σM (p < a) =
0.99
IK
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T (T + 2)

×
[
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T

(
1 − T 2

2(T + 1)2
+
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)]
barns,

(2)

and

σph(p > a) =
0.275
IK

(T + 1)2

T (T + 2)

×
[
ln

1.19T (T + 2)
IK

− T (T + 2)
(T + 1)2

]
barns. (3)

Here the incident energy T and the binding energy IK

of the K-shell are expressed in natural unit, i.e. in terms
of electron rest mass energy. As mentioned earlier, the
cross-sections in the low energy region is mainly from the
σph part arising from the contribution of the exchange of
photons between the two colliding electrons. To amelio-
rate the low-energy deficiencies of KLV, we propose two
modifications which are as follows:

(i) we introduce a multiplying factor FM to σph;
(ii) we scale down the denominator T (T + 2) in equa-

tion (3) taking into account the shielding of the inci-
dent and bound electrons by other electrons and ionic
effect.

The FM factor, following the work of Scott et al. [13],
is used to trim the abnormally high values of the cross-
section in the low energy region. Three alternative forms
of the factor, suggested in [13], are: FM = aE2, FM =
aE3/2 and FM = a exp(11.9E−1/6) with a = 0.00658 and
E = T − IK . None of the above-mentioned forms pro-
duce the results in conformity with experiments. However,
FM = a(1 − 1/U), which is close to the first two terms
in the expansion of the exponential term of the third al-
ternative, generates good fits to the experimental data
at low energies. On the other hand, at higher energies,
the factor FM is not needed to modulate the σph part of
cross-sections as this part itself reproduces the experimen-
tal values. The values of the parameter a and the range of
energy for application of FM are obtained from the overall
comparison of the calculated values with the experimental
data for all the targets considered herein and others not
mentioned for the sake of space. The aforesaid analysis
results in the following expression for the multiplicative
factor:

FM = 2.5(1 − 1/U) for U ≤ 1.70,
= 1.0 for U > 1.70. (4)
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To achieve a further reduction in the magnitude of σph, we
seek to replace the denominator T (T + 2) in equation (3)
considering the following points:

(a) in the binary-encounter Bethe (BEB) model of Kim
and Rudd [14], the effective energy seen by a bound
electron is not merely T , as in ab initio theories, but
is T + K + IK , K being the kinetic energy of the
K-shell electron. This sort of correlation between the
bound and incident electrons is needed to reduce the
cross-sections in the low energy region, as demanded
by experiments;

(b) the interaction between the incident and K-shell elec-
tron is that between a free electron and a bound one.
The incident electron, as it approaches a K-shell elec-
tron in a neutral atom, sees it as an ion of charge
q = Z − 2 except for hydrogen where q = 0. For an
ionic target, the incident electron’s path is governed
by the ionic charge well before the encounter and as
such q is set as the ionic charge.

The KLV model does not distinguish between the colli-
sion with a neutral atom and that with an ion in so far
as the incident electron is concerned. The target electron
description differs by IK only. The electron approaching
the K-shell electron feels an attractive force of the nu-
cleus in a much greater magnitude than that experienced
during its encounter with the valence-shell. Qualitatively,
the charge cloud of the incident electron is attracted to-
wards the nucleus, thereby increasing the overlap between
the charge densities of the incident and bound electrons.
This results in an enhancement of cross-sections. To incor-
porate appropriately the combined effects of the correla-
tion and ionic effects, the scaling down of the denominator
T (T +2) in equation (3) is effected following the procedure
of Kim [15]. In the latter, it has been shown that the cal-
culated EIICS of H-like ions agrees well with experiments
if T +K+IK is replaced by T +(K +IK)/(q+1). The σph

part in the KLV model bears some similarity in structure
with the BEB model. Hence we have been tempted to im-
plement the above replacement in modifying the model.
However, a better performance has been obtained through
the replacement of T by

T ′ = T +
(K + IK)

0.5(q + 1)1/2
. (5)

In line with [16] in connection with the Burgess denomina-
tor, we replace T by T ′ only in the denominator T (T +2)
of equation (3). Thus, the modified σph becomes

σ′′
ph = FMσ′

ph. (6)

Here, σ′
ph is obtained from σph by replacing the denomi-

nator T (T + 2) by DC = T ′(T ′ + 2) in equation (3).
As will be evident from the calculations shown later in

Figures 9–13, the KLV model fails to reproduce the experi-
mental cross-sections at ultrarelativistic region of incident
energies. Deutsch et al., in their DM model [5], used an
additional relativistic correction factor RC = 1+2U1/4/J2

(where J = mec
2/IK with me and c are, respectively, the

rest-mass of electron and the velocity of light in vacuum)
in conjunction with the Gryzinski’s relativistic factor [17]
to account for the inner-shell ionization cross-sections of
atoms in the high energy region. The factor, however, does
not work well in the structure of KLV. We have, therefore,
looked for a suitable factor similar to the RC factor, which
can describe the experimental data well at all energy re-
gions. Our suggested form of the factor is

RF = (1 + mUn). (7)

The parameters m and n are determined from fits to the
experimental data on many targets including those consid-
ered and those not mentioned herein. The optimum values
of m and n are m = 0.054 and n = 0.067. In the light of
the aforesaid arguments, the cross-section expression in
the proposed MKLV model is given by

σMKLV = (FMσ′
ph + σM )RF . (8)

3 Results and discussion

The K-shell binding energies of the neutral targets are
taken from Desclaux [18]. The binding energies of ionic
targets and kinetic energies of the K-shell electrons of all
targets are calculated using the Dirac-Hartree-Fock code
[19]. The radii of the maximum charge density of the orbit
for neutral targets, as required in the DM model, are taken
from [18] and those for the helium-like ions are calculated
using the hydrogen-like wave function with the effective
charge Zeff = Z − 5/16 [20,21]. For the hydrogenic ions,
the radius is obtained as r = (1.15/Z1.05)a0 [22], a0 being
the Bohr radius.

In Figures 1–14, we compare the predicted EIICS
from the MKLV model with the available experimental
data and other theoretical results. The latter include the
EIICS calculations from the models of Casnati et al. [3],
Hombourger [4] and Uddin et al. [23,24], the DWBA cal-
culations of Younger [25] and those from the relativistic
DWBA (RDWBA) theory of Segui et al. [1] and pertur-
bation method with exchange effect (PMEX) of Luo and
Joy [26]. Elaborate sources of experimental EIICS data
are Tawara and Kato [30] for ionic targets and Liu et al.
[31] for neutral atoms. The experimental data are taken
from Shah et al. [27], Peart and Dolder [28], Lineberger
et al. [29], Aichele et al. [32], Donets and Ovsyannikov
[33], Kamiya et al. [34], Ishii et al. [35], McDonald and
Spicer [36], Hoffmann et al. [37,38], Hink and Ziegler
[39], Quarles and Semaan [40], Platten et al. [41], Hippler
et al. [42], Tawara et al. [43], Llovet et al. [44], Luo et al.
[45], Shima [46], Scholz et al. [47,48], Zhou et al. [49],
Middleman et al. [50], Schlenk et al. [51], Seif et al. [52],
Ricz et al. [53], Davis et al. [54], Genz et al. [55], Rester
and Dance [56], and Kiss et al. [57].

As expected, the calculations done using the KLV
model usually overestimates EIICS from the threshold to
peak region for targets considered herein, except for Al.
The model, in general underestimates the observed cross-
sections at incident energies higher than 2 MeV for Mn,
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Fig. 1. Electron impact K-shell ionization cross-sections for H.
Solid circles are the experimental data from [27]. The shaded,
thick solid, thin solid, broken line with open squares and broken
line with open diamonds are the present calculations using,
respectively, the KLV [11], proposed MKLV, DM models and
the empirical models of Casnati et al. [3] and Hombourger [4].
All the theoretical predictions are marked by (Th) in legends.
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Fig. 2. Same as in Figure 1 for Li+. The experimental data are
solid circles from [28] and solid squares from [29]. The broken
line with open triangles are the calculations from the RQIBED
model of [23].
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Fig. 3. Same as in Figure 1 for B4+. The experimental data
are the solid circles from [32]. The broken curve denotes the
DWBA calculations of Younger [25].
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Fig. 11. Same as in Figure 2 for Sn. The experimental data
are now solid circles from [35], solid squares from [37,38], and
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Fig. 13. Same as in Figure 1 for Bi. The experimental data
are now solid squares from [37,38], solid circles from [35] pluses
from [48] and solid triangles from [50].

10 MeV for Ge, 20 MeV for Mo, 200 MeV for Ag, and
100 MeV for Sn and Bi. However, the data for Au are
well accounted for by the KLV model in the entire energy
interval.

The K-shell ionization cross-sections calculated using
the empirical models, EMPC of Casnati et al. [3] and
EMPH of Hombourger [4], are also presented for these
targets in Figures 1–14. They are supposed to be valid for
6 ≤ Z ≤ 79. In general, these calculations are close to
the ones done in the MKLV model from the threshold to
peak region, but tend to overestimate the cross-sections
for H. The calculations done using EMPC and EMPH dif-
fer significantly from those done using the MKLV model
at higher energies and do not account for the data very
well, particularly for the Ge, Au, Bi and U targets.

The predicted EIICS values from the RQIBED model
[23,24] for Li+, Ar, Mn, Ge, Mo, Ag, Sn and Au are com-
pared with the experimental data and other theoretical
results in Figures 2, 6–12. The RQIBED predictions agree
closely with the experimental data and/or the calculations
using the MKLV, EMPC and EMPH models up to about
10 keV for Li+; about 1 MeV for Ar, Mn and Ge; about
3 MeV for Mo and Ag; and about 5 MeV for Sn and Au.

Deutsch et al. have incorporated a relativistic correc-
tion to their earlier model in [5] and calculations based on
their model, termed as DM, have been presented in each
case. The calculations done using the DM model over-
estimate the cross-sections of H around the peak region
(Fig. 1). The model produces satisfactory fit to the ex-
perimental data of Li+ (Fig. 2), and reasonable fits to the
data of B4+ (Fig. 3) and O7+ (Fig. 4). For the Al tar-
get, the DM model underestimates the cross-sections in
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Fig. 14. Same as in Figure 1 for U. The experimental data are
now solid circles from [35].

the peak regions but generates good fits to the data at
the higher energies (Fig. 5). The model accounts for the
data of Ar (Fig. 6) very well and those of Mn (Fig. 7) and
Ge (Fig. 8) satisfactorily thoughout the entire energy do-
main. Although the calculations done using the DM model
do well at lower energies, it fails to reproduce the data in
the 100–900 MeV energy region in the case of Mo (Fig. 9)
and the data at energies higher than 1000 MeV for Ag
(Fig. 10). For Bi (Fig. 13) and U (Fig. 14), the experimen-
tal EIICS data at incident energies higher than 100 MeV
could not be reproduced by the model.

In the overall picture, the calculations done in the
MKLV model account for the data better than those ob-
tained by the other empirical models discussed above. The
inadequacy of the KLV model to reproduce the data near
the threshold and peak region is corrected, in the MKLV
model, by changing the denominator T (T +2) in equation
(3) to DC and then introducing the multiplying factor
FM to σ′

ph. At higher energies, where the σM part of the
cross-section dominates, the underestimation of the ob-
served cross-sections in the KLV model is corrected by in-
corporating the overall multiplicative factor RF . The cal-
culations of the MKLV model describe the data near the
threshold and in the peak region very well, except for Al
where, like all other calculations, the results of the MKLV
model underestimate the magnitude of the peak cross-
sections slightly but reproduce well the shape and the
width. The calculated cross-sections in the MKLV model
at higher energies, in general, reproduce the data for each
target with three notable exceptions, viz. the calculations
seem to underestimate slightly the data around 200 MeV
for Sn and 500–900 MeV for Mo, and overestimate around
800–1000 MeV for Au. However, the calculated results,
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in each case, lie within 10% of the data. The calculations
using the models of [3–5], in general, produce lower cross-
sections compared to those predicted by the MKLV model
for the Au, Bi and U targets and do not account for the
data.

Because of the success of the MKLV model in account-
ing for the data from the threshold region to very high
energies for many targets, it is of interest to compare
its results with the ab-initio quantum mechanical calcu-
lations. The DWBA results of [25] for B4+ (Fig. 3) and
O7+ (Fig. 4) agree closely with the experimental EIICS
and the MKLV predictions. The RDWBA cross-sections
of [1] for Ar up to about 25 keV (Fig. 6), Mn up to about
40 keV (Fig. 7), and Ag up to about 200 keV incident
energies (Fig. 10) follow closely the predicted values from
the present MKLV model. The PMEX calculations of [26]
for Mo (Fig. 9) underestimate the experimental data in
the peak region up to about 100 keV. The calculations
done using the MKLV model follow the results of ab-initio
predictions closely in these energy ranges and explain the
data equally well.

Scofield [58] has performed detailed relativistic plane
wave calculations using (a) the normalized plane wave so-
lutions of the Dirac equation, (b) the Møller interaction
between the incident electron and the colliding K-shell
electron, and (c) the mean field perceived by the K-shell
electron in the Dirac-Hartree-Fock-Slater approximation
for the elements with Z = 18, 28, 39, 47, 56, 67, 79, 83
and 92 in the incident energy range of 0.05 to 1000 MeV.
His calculations using the relativistic plane-wave Born ap-
proximation with the Møller interaction, termed here as
RPBM-S, explain the data above 0.1 MeV incident en-
ergy for Ag (Fig. 10) and 1 MeV incident energy for Au
(Fig. 12) well but not near the threshold and in the peak
region. The results attained in the MKLV model follow
his calculations closely in 3 to 1000 MeV region but also
account for the data at lower energies. Scofield’s predic-
tions for cross-sections of 1072, 23.53 and 17.19 barns,
respectively, for Ar at 50 MeV, Bi at 100 MeV and U at
100 MeV are close to the experimental results and to the
calculations done in the MKLV model.

Ndefru and Malik [59] performed calculations, referred
to here as RPBM-NM, from the threshold to 2 MeV inci-
dent energies for Au (Fig. 12) using the relativistic plane-
wave Born approximation with the Møller interaction,
similar to the one of Scofield, except that the exchange
between the two electrons were included in their calcula-
tions. The data around 2 MeV are reproduced somewhat
better by them compared to the calculations of Scofield
and the MKLV model. Nevertheless, the difference may
not be significant in view of the large error bars accompa-
nying the data.

Ndefru, Wills and Malik [60] performed calculations
using the theory of [58] for a number of elements from Sn
to Pb at 2 MeV incident electrons and except for Ni, ex-
plained the data well. The calculations done in the MKLV
model at this energy for Sn, Ag, Au and Bi are close to
the relativistic calculations of [60].

Thus, the calculations done in the MKLV model closely
follow most of the calculations done in relativistic Born
approximation using the Møller interaction at incident en-
ergies higher than a tenth of a MeV, and at the same time
explain the data in the peak region of cross-sections.

4 Conclusions

Of all the empirical models considered herein, the overall
agreement to the data is best achieved by the calculations
using the MKLV model proposed in this article. The cal-
culated results in the MKLV model also reproduce closely
the ab-initio calculations done by Scofield [58] and Ndefru
and Malik [59] for the Au target and by Scofield for the Ag
target at energies above the peak region. At lower energies,
the results of RPBM-S and RPBM-NM underestimate the
data somewhat, but the MKLV calculations can account
for the data.

The results of the proposed MKLV model are very en-
couraging in successfully explaining the data for a wide
range of targets and incident energies. The method, with
its root in the quantum electro-dynamical treatment of
two-electron potential, can explain the data in this article
within 10%.

The authors are thankful to Dr. A.S.B. Tariq of Rajshahi Uni-
versity for his valuable comments.
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